We show that the n center problem in R 3 has positive topological entropy for n 3. The proof is based on global regularization of singularities and the results of Gromov and Paternain on the topological entropy of geodesic ows. The n-center problem in S 3 is also studied.
Introduction
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where ' 2 C 1 (R 3 ). Hence the potential energy V has n Newtonian singularities. We assume that V < 0 everywhere and there exists R > 0 such that V (q) + 1 2 hq; rV (q)i < 0 for jqj R: Hence all trajectories on E exiting the R-ball B escape to in nity, and nontrivial dynamics occurs in E \ fq 2 Bg only. Theorem 1.1 For n 3 and E 0 the topological entropy h top of the n-center problem on E is positive.
Note that no natural de nition of the topological entropy for incomplete ows with singularities seem to exist. The topological entropy is well de ned (independent of the metric) for ows on compact metric spaces 6]. To de ne the topological entropy in our case, we perform a reduction to a ow on a compact space.
By the Maupertuis principle 1], trajectories with energy E of the system (1.1) are geodesics of the Maupertuis metric g E (q; _ q) = 2(E ? V (q))j _ qj 2 on R 3 n P. Let = f(q; _ q) 2 (R 3 n P) R 3 ) j g E (q; _ q) = 1g:
Then trajectories of (1.1) on E are mapped to trajectories of the geodesic ow g s : ! of the metric g E by the scaling (q; _ q) ! (q; q 0 ), q 0 = _ q= p 2(E ? V ), together with the time reparametrization ds = p 2(E ? V ) dt. Instead of the system (1.1) on E , we will study the geodesic ow g s : !
, and h top means the topological entropy h top ( ; g t ) of this ow.
The manifold is non-compact and the ow g t : ! is non-complete due to collisions with the singularities p i . Hence the topological entropy h top ( ; g t ) is not well de ned. However, it is well known that collisions can be regularized, so that g t is extended to a smooth owg t : e ! e without singularities on a manifold e . Topologically, is obtained from e by removing 2-dimensional spheres S 2 i e corresponding to collisions with p i . The trajectories of the owg t cross S 2 i transversely. The construction of e is described in x2. We de ne the topological entropy of the geodesic ow g t as the topological entropy of the regularized ow h top ( ; g t ) = h top ( e ;g t ).
The manifold e is non-compact at in nity. The owg t is complete for E > 0, and also for E = 0 provided that lim inf jqj!1 jqj 2 V (q) < 0. However, the topological entropy h top ( e ;g t ) is well de ned even if the owg t is incomplete. Indeed, by Lagrange's inequality (1.4) 3. The condition E 0 is necessary. For any n it is possible to construct an n-center problem satisfying all conditions of Theorem 1.1 that is integrable on E for some E < 0. For example, one can take V such that for large negative E the set fV Eg is a union of balls U i around p i and V j U i = ?1=jq ? p i j. 4 . Theorem 1.1 holds also if the Lagrangian is replaced by L = T(q; _ q)? V (q), where the Riemannian metric T (kinetic energy) is conformally Euclidean near p i and tends to the Euclidean metric at in nity, so that Lagrange's inequality holds for large jqj. The proof we give works also in this case.
There is another version of Theorem 1.1 which is formulated in terms of the number of orbits with bounded action connecting two given points.
Lagrange's inequality implies that any trajectory of energy E of the system 
where is the volume measure of the Riemannian metric.
For M a closed Riemannian manifold, Man e 10] and G. Paternain, M. Paternain 14] proved that h top = h geod . In general, such a result does not hold for non-compact manifolds. De ne the geodesic entropy for the Maupertuis metric g E on M = B nP by (1.5). We will see that h top h geod for M = B n P due to a special behavior of the metric at in nity.
Similar results hold for the n-center problem on a sphere S 3 . Let S 3 R 4 be the standard sphere and P = fp 1 ; : : : ; p n g S 3 a nite set. De ne the potential by (1.2) with j j the Euclidean metric in R 4 . We still assume that V < 0 everywhere. Consider a Lagrangian system on S 3 n P with the conformally Euclidean in a neighborhood of P and a C 1 potential V < 0 having Newtonian singularities at P such that the n-center problem on S 3 with L = T(q; _ q)?V (q) is integrable on the energy level E for some energy E > 0, and the topological entropy on E is zero.
The proof of Theorem 1.3 for even n is similar but simpler than the proof of Theorems 1.1{1.2. Since we are mostly interested in the physical case of R 3 , we will prove Theorem 1.3 for even n only. The case of odd n is a little di erent and will be treated elsewhere. Theorems 1.1{1.3 will be deduced from a general result on regularization of Newtonian singularities on a manifold which is a global version of the KS regularization 17]. Then we will use the results of Gromov 5] and Paternain 13, 15] on the topological entropy of geodesic ows on closed manifolds.
The paper is organized as follows. In xx2{4 the global regularization of Newtonian singularities in a 3-dimensional manifold is discussed. In x5 the topology of the regularized con guration space is calculated. As a consequence, Proposition 1.1 is proved. In x6 relations between the topological entropy of a geodesic ow, growth rate of the number of geodesics, and the topology of the manifold are recalled, following Gromov 5] Remark. Similar results hold for an n-center problem in an arbitrary 2-dimensional manifold Q 3, 7, 8] . Then the topological entropy is always positive for n greater than twice the Euler characteristics of Q. We are unable to treat an n-center problem in an arbitrary 3-dimensional manifold Q, because we are using the methods of Gromov and Paternain, and so have to assume that Q is simply connected. Similar results hold if the fundamental group of Q is large enough. For example, using the theorem of Taimanov 16] it is easy to show that the n-center problem on a closed manifold Q is non-integrable if dim H 1 (Q; R) 5.
Global regularization
Let Q be a connected 3-dimensional Riemannian manifold, possibly with boundary, and P = fp 1 ; : : : ; p n g a nite set in Q. Consider a Lagrangian system with the con guration space Q n P and the Lagrangian L(q; _ q) = T(q; _ q) ? V (q).
We assume that the C 1 Riemannian metric T on Q ( 
where f i is a C 1 function in a neighborhood of 0. We assume that V < 0
everywhere.
Let H = T(q; _ q) + V (q). Fix E 0. We will study the system on the energy level E = fH = Eg T(Q n P). Trajectories with energy E are geodesics of the Maupertuis{Jacobi Riemannian metric 1] on Q n P:
More precisely, the map : E ! , where = T 1 (Q n P) = f(q; _ q) 2 T(Q n P) j g E (q; _ q) = 1g
and (q; _ q) = (q; _ q= p 2(E ? V )), takes the trajectories of the Lagrangian system on E to the trajectories of the geodesic ow g t : ! of the metric g E (with time reparametrization).
We consider two cases:
Q is non-compact or has a non-empty boundary. Q is a closed manifold (i.e. compact and without boundary). In this case we assume that n is even.
For Q a closed manifold and n odd, global regularization of singularities is more complicated and will be discussed in another paper. We may assume that Q is oriented. If not, it is su cient to pass to the two-sheet orienting covering. Then the number of centers will be even automatically. The next theorem is a global version of the KS-regularization. G on M nS with zero value of the momentum F into geodesics of the metric g E on Q n P.
More precisely, let
Then ? is a 6-dimensional manifold invariant under the geodesic ow G t : In other words, the geodesic ow of the metric g E on Q n P is obtained from the geodesic ow of the metric G on M by means of a reduction with respect to the symmetry group t 1]. M is also a 2-dimensional manifold, and the map : M ! Q is a twosheeted rami ed covering (Z 2 bration) except for the case when Q is a closed oriented surface and n is odd. Indeed, an obvious Euler characteristics argument shows that if is a two-sheeted rami ed covering over a closed survace, then the number n of branch points is even. For n odd the procedure should be iterated, and the regularizing map : M ! Q becomes a 4-sheeted rami ed covering.
Similarly, it will be shown in x4 that if : M ! Q is a singular S 1 bration over a closed 3-dimensional manifold satisfying the condition of Theorem 2.1, then necessarily n is even. If n is odd, then, as for the case of surfaces, the procedure should be iterated, and the dimension of the regularizing manifold raises to 5.
2. There are several other ways to regularize double collisions. The most famous is Moser's regularization 12]. Locally, near the singularities, these regularizations give isomorphic regularized owsg t : e ! e . However, other known regularizations do not preserve the Lagrangian structure of the system (for example, Moser's regularization interchanges coordinates and momenta), and hence are not suitable for our purposes.
KS-regularization
For the proof of Theorem 2.1 we reformulate the KS regularization 17] in a more geometric way. Consider a 1-center problem in R 3 with the kinetic and potential energies as in (2.1) There are several equivalent constructions of the Hopf map. If R 4 is identi ed with the set H = fx = x 0 + ix 1 + jx 2 + kx 3 g of quaternions, the map h : H ! R 3 = fx 2 H j x 0 = 0g can be de ned as h(x) = xi x, and Jx = xi.
De ne a C 1 Riemannian metric G on R 4 as g E (h(x); h 0 (x) _ x) = G(x; _ x) for F(x; _ x) = 0: This implies that geodesics of the Riemannian metric G corresponding to the zero level fF = 0g of the integral F are projected by the map h to geodesics of the Riemannian metric g E . The metric g E on R 3 n f0g is obtained from the metric G on R 4 nf0g by means of a reduction with respect to the isometry group e Jt : R 4 ! R 4 . Since G has no singularity at x = 0, the geodesic ow of G on fF = 0g regularizes the geodesic ow of g E . This yields Theorem 2.1 for a 1-center problem in R 3 .
In the next section we will use the connection form 9, 11] of the Hopf bration h : R 4 n f0g ! R 3 n f0g. This bration can be equipped with two structures of a bre bundle with the transformation group S 1 = R=(2 Z) acting as x ! e Jt x respectively. The rst one is the standard Hopf bration, and the second one its conjugate. The connection 1-form on R 4 2. For odd number of centers in a closed manifold we can not construct M in a similar way. Indeed, for a singular S 1 bration such that j U i is a
Hopf bration or its conjugate, the curvature form ! is a monopole form on U i n fp i g. By Stokes theorem,
Hence n is necessarily even. For odd number of centers in a closed manifold the regularizing procedure should be iterated and hence the regularizing manifold must be 5-dimensional. Remark. The Riemannian metric G is non-unique. Indeed, the connection form is non-unique, and also the function w on Q n U i can be arbitrary (provided w is smooth and positive). We will use this non-uniqueness in the proof of Theorem 1.1 to satisfy a convexity condition for the set ?1 (B).
Topology of the regularized con guration space
Calculating the topology of the regularized manifold M is a simple exercise in the 4-dimensional topology, but for the convenience of the reader we include all the details. We are interested in the cases Q = R 3 and Q = S 3 .
For Q = S 3 , we assume that n is even.
One center in R 3 M n+2 = M n #(S 2 S 2 ):
The connected sum M#N of two oriented manifolds M; N of the same dimension is de ned as follows. Delete from M a ball B 1 , and from N a ball B 2 , and glue M n B 1 and N n B 2 together by an orientation reversing di eomorphism of the spheres @B 1 and @B 2 . Being more careful, the topological manifold M#N can be made a smooth manifold which, up to a di eomorphism, does not depend on the construction. Next we construct an integrable on an energy level 4-center problem in S 3 .
Proof of Proposition 1.1. For the 4-center problem in S 3 , the regularized manifold M 4 is S 2 S 2 . We need to construct a Riemannian metric on S 2 S 2 possessing a S 1 isometry group with 4 xed points of the same type as in the Hopf bration and such that the geodesic ow is integrable. Let t : S 2 ! S 2 , t mod 2 , be the rotation group with two xed points a 1 ; a 2 .
Take a metric of revolution on S 2 which is Euclidean near a 1;2 . Then de ne the isometry group t : S 2 S 2 ! S 2 S 2 as t (x 1 ; x 2 ) = ( t (x 1 ); t (x 2 )). It has 4 xed points (a i ; a j ). It is easy to see that (S 2 S 2 )= t is homeomorphic to S 3 . Near any xed point, the group action t is isomorphic to the group action of the Hopf bration, and the product metric on S 2 S 2 is Euclidean near the xed points. Hence for the zero level of the momentum integral, the reduced metric on S 3 with 4 points deleted is the Maupertuis metric for a system on S 3 with 4 Newtonian singularities. The kinetic energy is conformally Euclidean near each singularity. Since the geodesic ow of the Maupertuis metric is integrable, Proposition 1.1 is proved for n = 4. For n = 1; 2 Proposition 1.1 is obvious. We skip the case n = 3, when the regularized manifold is S 5 .
6 The topological entropy of the regularized ow The goal is to estimate the topological entropy for the ow g t : ! , or, equivalently, for the regularized owg t : e ! e , by using the geodesic ow G t : ? ! ?. The di culty in applying the results of Gromov and Paternain is that only a subsystem of the geodesic ow G t : T 1 We already showed that under the assumptions of Theorem 1.3, n N (x; ) grows exponentially with . Hence Theorem 1.3 is proved for even n.
7 Non-compact case Now let Q = R 3 . Then the regularized manifold M is non-compact, and so to estimate the topological entropy as in the previous section we must extend the results (6.5) and (6.6) of Gromov and Paternain to noncompact Riemannian manifolds. In our case this generalization is straightforward due to Lagrange's inequality (1.4).
Take a closed ball B R 3 with radius R centered at 0. By Lagrange's inequality, B is geodesically convex in the Maupertuis metric, i.e. for all p; q 2 B n P any geodesic connecting p; q in Q n P lies in B. The compact manifold W = ?1 (B) with boundary is homotopically equivalent to M. Lemma 7.1 It is possible to construct the regularizing metric G in Theorem 2.1 in such a way that W is geodesically convex with respect to the metric G.
Proof. Let X = ?1 (R 3 n B). If n is even, the map : M ! R 3 is a trivial bration over R 3 nB. Hence X = (R 3 nB) S 1 with the coordinates q 2 R 3 n B, s mod 2 . The connection form on X can be assumed to be trivial: = ds. Putting wj R 3 nB = 1 in the construction of G in (4.2), we get, as in (4.3), G(x; _ x) = _ s 2 +g E (q; _ q). Since B is geodesically convex in the metric g E , convexity of W = ?1 (B) in the metric G follows immediately.
The case of odd n is less trivial. Then the bration : X ! R 3 n B is isomorphic to the restriction of the Hopf bration h : R 4 n f0g ! R 3 n f0g to R 3 n B. Without loss of generality we can assume that j X = h and the connection 1-form on X is the standard form (3. Proof of Theorem 1.2. Let us estimate the number N (q; p) of geodesics in B n P of length connecting generic points p; q 2 B n P. Set N = ?1 (q) and take some point x 2 ?1 (p). Lemma 6.2 implies that n N (x; ) = N (q; p) for almost all q; p 2 QnP, where n N (x; ) is the number of geodesics in W connecting N with x and orthogonal to N. Lemma Equations (7.4), (7.3) and (7.5) imply (7.2). Theorem 1.1 follows from (6.6), (7.1) and (7.2).
